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An Aeroacoustic Model for High-Speed, Unsteady
Blade-Vortex Interaction
Rudolph Martinez* and Sheila E. Widnallt

Massachusetts Institute of Technology .Cambridge, Massachusetts

A three-dimensional aeroacoustic model is developed to predict the sound pulse radiated by the passage of a
helicopter blade over a potential vortex. The linearized analysis assumes that either the blade-vortex separation is
small or that the blade-tip Mach number is close to 1, or both, so that an acoustically noncompact situation
exists. The three-dimensional blade loading due to blade-vortex interaction is constructed through a span wise
superposition of two-dimensional solutions with strength linearly increasing from hub to tip. Such a loading
overestimates somewhat the strength of tip region dipoles in the acoustic calculation that follows. The final
expression for the predicted far-field signature is obtained in closed form, and thus permits a relatively inex-
pensive calculation of the directivity of peak acoustic pressures in three dimensions.

Nomenclature
a =V-/x2 foi>2<0
arg = argument, or phase, of a complex number
b = blade semichord, reference length
c0 = dimensional sound speed
C = complex constant, Eqs. (28) and (29)
h = nondimensional vertical blade- vortex separation
Im = imaginary part of a complex number
K =kxM/(\-M2)
kx = reduced frequency or nondimensional chprdwise

wave number
ky = A^tanA, the spanwise wave number
L = nondimensional blade length
M =freestream Mach number and blade-tip Mach

number in three-dimensional theory
Meff = effective Mach number, M/sinA
P,P* = perturbation pressures, Eqs. (6) and (15), respec-

tively
P = Fourier transform of P*, Eq. (19b)
p = predicted pulse
r = nondimensional distance to observer
f = nondimensional vector position of observer
Re = real part of a complex number
t = dimensional time
U - dimensional freestream velocity, or blade-tip

velocity
W = Fourier transform of vortex-induced upwash
w0 = FfVcosA
w = dimensional vortex upwash
x,y,z =chordwise, spanwise, and normal to blade non-

dimensional sp>atial_ coordinates

A = blade-vortex interaction angle
ju, = frequency parameter, Eq. (8)
£ =.xacosA+>ysinA
P0 = freestream density
o> = acoustic frequency
fi = rotor angular velocity
0,7 = angles in spherical coordinate system fixed in the still

fluid, Fig. 3
F = dimensional vortex strength
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0 = tz
T = t^bra/c0, retarded time
Subscripts
a - acoustic reference frame
2-D = two-dimensional solution
3-D = three-dimensional solution
Superscripts
( )* = complex conjugate

Introduction

THE accurate prediction of aerpdynamically generated
noise from rotating blades continues to be a goal for

designers of gas turbines and helicopter rotors. The present
paper .reports on a new model developed to predict the
acoustic pulse radiated as a result of blade-vortex interaction
for a helicopter rotor with high subsonic tip Mach number.

Aeroacoustic noncompactness in blade-vortex interaction
occurs whenever either of the following two conditions is
present, or when they are both present simultaneously: 1) the
vertical blade-vortex separation hb is small in comparison to
the semichord b; and 2) the blade-tip Mach number M has a
high subsonic value. For acoustic purposes, the surface of the
blade may be thought of as a flat continuous sheet of dormant
acoustic dipoles that are suddenly stimulated by local in-
teraction with the passing yortex, Each point on the surface
then emits an elementary acoustic pulse that, by Fourier's
theorem, rriay be broken down into a spectrum of tones. In a
chordwise noncompact situation, two tones of identical
frequency co, fired at different retarded times (t — br/c0), and
(t-^br/c0)2 by two distinct dipoles located at the same
spanwise station, may arrive at the far-field observer point br
simultaneously at time /. The condition A(t — br/c0) <2ir/u,
the criterion for acoustic compactness, is not met; 27r/co
denotes the tones' period of oscillation. A high-aspect-ratio
planfprm that is chordwise noncompact is also automatically
spanwise noncompact, whereas the converse is not true.

Widnall1 has developed a model to predict noise due to
blade-vortex interaction for a loading that is chordwise
qompact, but not necessarily spanwise compact. Filotas'
aerodynamic theory2 was used to predict the lift harmonics
needed for the acoustic calculation. In the same work, she
discussed in detail the important role played by the interaction
angle A in the model for the acoustic field: for sinA<M
strong radiation from the whole blade surface is present,
whereas for sinA>Monly a relatively weak field due to finite-
span effects is given off. Physically, for sin A <M unsteady
load fronts due to blade-vortex interaction travel super-
sonically through the still fluid; for sinA>M they have a
subsonic trace speed.
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At high speeds, and/or for small vertical blade-vortex
separation, use of Filotas' incompressible flow model to
determine unsteady loadings is not valid. For this operating
regime the proper aeroacoustic theory must include the effects
of compressibility and high frequency normally neglected at
low speeds. Therefore, the theory developed here does not
replace or generalize any of the previously cited compact
models; rather, it attempts to complement them by in-
vestigating a flight regime for which they do not hold.

Mathematically, noncompactness results in the blade
surface pressure distribution becoming inextricably coupled
to its acoustic field. For this reason, the authors in Ref. 3
developed a unified aerodynamic-acoustic two-dimensional
theory for a flat-plate airfoil passing through a gust; the gust
represented a wave number component of the nonuniform
up wash induced on the airfoil surface by a vortex. A result of
that work was an expression for the pressure at a general field
point (x,z) that checked, for z = 0, with airfoil loadings
previously predicted by Adamczyk4 and Amiet.5

Reference 3 discussed in detail how and why LandahPs6

concept of separating the effects of the leading and the
trailing edges is useful in the calculation of a noncompact
loading on an infinite-span airfoil. Briefly, his technique takes
advantage of the rapid \/^kxx/(\ -M2) decay of the loading
computed by neglecting the trailing edge in the problem; such
a solution violates the Kutta condition and Ap = 0 across the
wake by only a small amount. Since the correct loading over
most of the airfoil should then not be very different from that
given by the leading-edge solution, satisfying the Kutta
condition introduces a small correction that is important, for
kx/(\ -M2) >1, only near the trailing edge. Therefore, the
edges behave physically as independent sources of sound and
unsteady loading.

The analysis presented here essentially starts with the
leading-edge contribution to the pressure field derived in Ref.
3 for a two-dimensional (infinite-span) flat-plate airfoil
passing through an oblique gust. This leading-edge solution is
given initially in terms of a complex-contour integral that, as
shown, can be evaluated to give a simple expression for the
pressure field everywhere. The result agrees with that ob-
tained by approximating the integral in the far field (the tone
radiation in two dimensions), say by the method of steepest
descents; yet, it holds not just for ^Jx2 + Z2 — oo, but at all
spatial positions. In fact, the loading on the airfoil surface

due to the passage through the gust may be found by letting
0 = 0 in that expression. We find the two-dimensional
aerodynamic problem of a leading edge passing subsonically
through a gust reminiscent of the classical Sommerfeld dif-
fraction problem of a wave incident on a semi-infinite flat
plate; the latter also has a relatively simple closed-form
solution everywhere.

The next step in the present analysis is to use this two-
dimensional pressure field solution in a spanwise Fourier
superposition to model the loading on a rotating rectangular
blade of length L. The magnitude of the constructed spanwise
loading increases linearly from zero at the hub to the full two-
dimensional value at the tip; therefore, the Mach number and
reduced frequency in the expression for the three-dimensional
loading actually represent values of Mach number and
reduced frequency at the tip. Since a rotating helicopter blade
sees a freestream given approximately by the spanwise linear
relation U(y)=toby9 the constructed triangular loading
should model actual magnitudes of unsteady sectional
loadings quite well, except near the blade tip and near the hub
where complex finite-span effects introduce further com-
plications not addressed here. The model, therefore, does not
account for such for ward-flight effects as nonzero unsteady
lift at the hub position or local freestream sweep. These
refinements should be included in future fundamental ex-
tensions of the present theory.

The model neglects the true rotational effects of acoustic
sources on the radiated field [the second term of LowsonV
Eq. (16)] and also the spanwise variation of reduced
frequency ub/Ufor U(y) = $lby, 0<y<L); yet, it represents
an improvement on Widnall's model1 in that the acoustic
contribution of inboard sections is reduced rationally. The
three-dimensional aerodynamic model in Ref. 1 used a
spanwise superposition to yield a box-shaped loading acting
over an "effective blade length." Although this model made
predictions that agreed with experiment, there was no rational
way to choose the effective blade length. In the present model
this difficulty is removed by assuming that the unsteady
loading drops off continuously from tip to hub.

We therefore assume that all blade sections pass rec-
tilinear ly over the vortex, so that the angle A stays constant
during the interaction. This simplification is justified for
co/12 >l or by the equivalent requirement of
(ub/U)(L/b)>l (here L is dimensional) for moderate tip
Mach numbers. Amiet8 has discussed the validity of a similar
assumption of local rectilinear motion for blade sections of a
rotor cutting through atmospheric turbulence.

Our model also assumes that chordwise unsteadiness
dominates finite-span effects at all spanwise blade sections.
Although as the noncompactness of the unsteady loading is
increased this may be true over most of the span, there always
exists a small region near the tip where three-dimensional
effects are large and where the actual loading is expected to
vanish as VL—J. A more sophisticated treatment than that
presented here is required to model properly the strength and

(b
Fig. 1 Model interaction geometry and vortex upwash induced on
flight plane. Fig. 2 Cut n2 plane and path of analytic continuation.
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phase of tip region dipoles, and is the subject of a forth-
coming paper by the authors.

Following the construction of the acoustic source, we
calculate the corresponding three-dimensional pressure field,
from which we then compute the theoretical acoustic far field
for an arbitrary tone by the method of stationary phase. The
solution is found to break down for supersonic trace speeds
(sinA<M), so that it may be applied only for the subsonic
trace-speed case (sinA>M). However, the latter is well
known to include most typically large-A interactions observed
for single-rotor helicopters. Finally, we evaluate the
frequency integral in closed form (sum up the effect of all of
the gusts) and obtain an expression for the acoustic pulse at an
arbitrary spatial position for a rectangular blade of length L
rotating over a potential vortex.

Farassat9 has reported on a number of acoustic models,
some compact and others noncompact, that workers have
developed to predict acoustic radiation from rotating blades.
These models, however, require that unsteady blade loads be
provided for the acoustic calculation (either by experiments or
by more exact numerical aerodynamic calculations);
therefore, although they are more accurate, since they may
make few aerodynamic simplifying assumptions, the acoustic
formulas presented in Ref. 9 are not immediately applicable
to make noise predictions in particular situations of interest
for which a time history of unsteady loading is unknown. The
theory developed here predicts both the unsteady loading and
the resulting acoustic field. Since the expression for the sound
pulse derived contains only elementary functions, it could be
used readily to plot an estimate of the three-dimensional
directivity of peak acoustic pressures.

Formulation
Figure la shows the geometry of the interaction considered.

The potential vortex of strength F is in the still fluid from the
point of view of an observer on the ground. It is located a
distance h below the flight plane and interacts at an angle A
with a blade of finite span L and tip speed U=tiLb. All
distances, including L and h, have been nondimensionalized
with respect to the blade semichord b.

The vortex-induced up wash on the flight plane shown in
Fig. Ib is given by Biot-Savart's law,

(1)

that

2-K
By Fourier's theorem, we may express this function as a

sum of sinusoidal upwash gusts, also horizontally motionless
relative to the air,

p

=
J

(2)

where W(k) is the amplitude-phase function of each Fourier
component. With ^=A:acosA-l-^sinA, where the subscript a
denotes the acoustic reference frame, we may evaluate W(k)
by inverting the Fourier transform in Eq. (2),

= 5(ky-kxtanA)

?—2 w(*acosA+>>sinA) exp(ikxxa + ii

W(kx/cosA) ,
cosA (3)

from which

w(.xacosA+>>sinA) = I I dk dkxW(k)exp(-ikxxa-ikyy)
J J —00

-j: cos A exp( - ikxxa - / (4)

If we now call bxa = bx— Ut, where x is fixed on the wing,
we find, with PT(£JC/cosA)/cosA= w0(kx/cosA) in Eq. (4),

poo
w(jt0cosA+.)>sinA) = I dkxwc

J -00 \cosA
utt \ikx — —ikxx—ikxtanAy] (5)

The function w0 stands for the amplitude-phase relation of
gusts convected at speed U in the wing reference frame. The
gust frequency w, therefore, is kxU/b and the chordwise wave
number kx may be interpreted as ub/U9 the reduced
frequency. The spanwise wave number ky is A^tanA. If P(f, t;
kx) denotes the acoustic field of a tone of frequency co due to
the interaction of the blade with a single gust, the acoustic
pulsep(r , t ) due to blade-vortex interaction may be calculated
by adding all of the tone solutions,

P ( r , t ) i oo

-0
dkxP(f,t;kx) (6)

We may specify the time origin of the transient interaction
to correspond to blade position xa = 0, so that positive values
of source time r>0 correspond with xa<0 and negative
values r<0 with xa>Q. Because of this sign difference be-
tween the spatial and time scale, care should be taken to use
w0 ( — A^/cosA), rather than w0 (kx /cosA), in Eq. (6) to otain
the time history of the acoustic pressure at a point in space.

Leading Edge Passing Through an Oblique Gust
in Two Dimensions

The pressure field for infinite-span airfoil passing through
an oblique gust is now calculated. This pressure field agrees
with the leading-edge contribution to the far-field acoustic
pressure calculated in Ref. 3 by letting V*2 + Z2 —• oo and using
steepest descents. We find that the pressure at an arbitrary
point (x,z) in fact has the same form as the far-field pressure.

From Ref; 3, Eq. (14), the leading-edge contribution to the
two-dimensional pressure field for an infinite-span airfoil
passing through an oblique gust is

2-D-

(7)

-M2 ^/kx/(l-M2)+lJi \Z\

f
Jc

where p0 and Mare the freestream density and Mach number,
respectively, Z=Vl^M2z, and ju is given by

M= ArJtanAlk2M2

1-M2)2 1-M2 ~ (1-M2) Lsin2A (8)

which is real for sin A < M (or tan A < M/Vl -M2). C is a
complex contour of integration in the complex X plane passing
over the branch point at X= +/* and below that at X= -/*.
For sinA<Mwe initially assume jit = />t r-/€, 1 >e>0, in order
to satisfy the radiation condition at oo. C is then such that
HmXI <e. For \i? <0, we take /*= - /V - ju2, so that the hori-

zontal strip through which the contour C runs becomes wider.
It is convenient to think of p2 as a complex variable in the
complex jit2 plane; in order to insure that ^ = — /V — /x2 f o r
/Li2 <0, a cut is drawn above the positive real axis (Fig. 2). To
evaluate the integral in Eq. (7), we first assume that \i2 <0 and
then analytically continue the final result in the /*2 plane (Fig.
2, dotted line) to the positive real axis. A similar integral is
treated in Ref. 10. '

With a2 = — jji2, we make the change of variable
(9a)

dX=0cosh/3d/3
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and let 0 = tan-;Z/Jt, r=^/x2+Z2 in Eq. (7). The integral then
becomes, in the ft plane,

and Y=\l\-M2y, so that P* satisfies

i oo

d/Wsinh/3-/exp [ - mrsi
— 00

(10)

Since

- sin(0/2 ) V-si

we may now make the change

to obtain

(Ha)

(lib)

0 Csinh(oo-/0) fo
Vtfcos- \ , .Qxp(-iars)

2 Jsinh(-oo-/0) VS+l

0 f1 sinh(oo-/0) fe
-Vflsin- \ i .exp(—fore) (12)

2 Jsinh(-oo-/0) V — S+l

where the cuts in the complex s plane extend from s = i to
5 = /oo and from 5 = - / to s = - /oo. The quantity ar is positive,
so that both integrals in Eq. (12) may be deformed to the
lower half s plane. Since the second integrand is analytic
there, the second integral contributes zero. The contribution
of the first integral in Eq. (12) is readily calculated to be

2Vircos(0/2)'
vT -exp (13)

which, upon analytic contribution to the positive p2 real axis,
and substitution back into Eq. (6), yields the result sought,

(14)

The loading on the airfoil due to the passage through the
gust may be obtained from Eq. (14) by letting z = 0 = 0
(r=x>0). The pressure field decays exponentially for V- /x 2

= a>Q and there is no acoustic field. The airfoil loading then
physically represents a disturbance traveling subsonically
through the still fluid. For each chordwise position, acoustic
sources distributed along the infinite span cancel each other
perfectly in the far field.

Rotating Blade of Finite Length
Passing Over a Potential Vortex

A spanwise superposition of the basic two-dimensional
loading [0 = 0 in Eq. (14)] is performed to model the three-
dimensional surface pressure distribution on a rotating blade
of length L passing through an oblique gust. The constructed
loading will have its full two-dimensional magnitude given in
Eq. (7) at y=L and will decrease linearly to zero at j> = 0.

We define the three-dimensional pressure field P3.D
(x,y,Z,t;kx) due to the passage of a rotating blade of length L
(nondimensionalized by the blade semichord b) through an
oblique gust. P3.D satisfies the linearized convected wave
equation in three dimensions [Ref. 2, Eq. (1)]. We let

\D(x,y,Z,t) =P* (x,y,Z)exp(i<
ikxM2x\
!-M2 / (15)

(16)

subject to the boundary condition

P*(x,Y,0+)___ ____
Y/L^ll-M2P*2_D(x,y,0+ ) for 0<Y<^Jl-M2L

. 0 otherwise (17)

where P*2-o (*>y>Q + ) *s seen fr°m EQ- (14)» with ky = kxtanA,
to be

We now define the transform pair

=
J

(19a)

(19b)
Transforming Eq. (16) and solving the resulting ordinary

differential equation, we obtain

= ±P(\1,\2,0+ (20)

where we have called K=kxM/(\-M2) for convenience.
From Eqs.(19b) and (18), it follows that

(21)

. (22a)

We now translate the solution, obtained by substituting
Eqs. (20-22) into Eq. (19a), from the blade reference frame to
the still-fluid reference frame. In the following bxa = bx- Ut\
let

\1=b\1+kxM2/(l-M2) (23a)

(23b)
and revert to the original unstretched variables y and z. In-
troducing the following co' — t 5 function relation, Eq. (21)
becomes

f °°
J — 0

V7-M2

\ ^ C2n

(24)
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Next, we express the <5 function in Eq. (25) in terms of one
of its well-known limiting forms, <5 (a) = liin ( l /7r)e/(e 2 + a2)
and interchange the orders of \lf ^ integration with
the co' integral. Then we approximate the \]y \2 integrals for
^x2+y2+z2-^&> by the method of stationary phase.11

Finally, we change the limit-6 function back to its exact form,
evaluate the co' integral, and obtain the acoustic field for a
rotating blade of length L passing through a stationary gust.
Mis the tip Mach number.

\2vLr a 1 + ItanA I-^- - 7]
*- . * sin2 A )

(x._y_ z\
3-°Vr ,'r 'TJa a a

ra / (25a)

where the predicted three-dimensional acoustic directivity
pattern D3.D [not including the (1 + Mxa/ra) ~2 term] is

•z/ra

tanA —

1

My/ra y
l+Mxa/ra.

l + Mxa/ra

m

J Ll tanA-————— )
V l+M*JrJ dyyexp(-ikxy)

.0
(25b)

The grouping l+Mxa/ra, which appears explicitly in the
denominator of Eq. (25a) and as part of the exponential's
argument, accounts respectively for the familiar forward
enhancement due to motion in the -xa direction and for the
position-dependent Doppler shift. The direction cosines
xa lra, y/ra, z/ra, and the distance ra = \lx2

a+y2+z2 in Eqs.
(25) specify the position of the observer in three-dimensional
space.

The expression on the right side of Eq. (25b) stands as is foV
M/sinA>l, i.e., for supersonic trace speeds of the distur-
bance. For subsonic trace speed of load fronts (sinA>M), we
recall that /* = — i\l — />t2; thus the following change should be
made:

V(M2/sin2A)-7 = -;V7-(M2/sin2A) (26)

For supersonic case, the term inside the radical on the right
side of Eq. (25b) blows up in the direction given by

-( ltanAI/M)V(M2/sin2A)-7
- ltanAlV(M2/sin2A)

^-n
-; J (27)

This is the direction taken by acoustic rays originating at the
line of intersection of the downstream part of a typical Mach
cone and the xa ^y plane. The breakdown of the leading-edge
solution in this direction can be explained as follows: since the
chord extends downstream to infinity, in the above operations
we have in fact tried to calculate the acoustic field of a
distribution of supersonic sources that is infinite in extent; the
surfaces of the associated system of Mach cones do not in-
terfere and so even those far from the leading edge have a
substantial acoustic effect. Therefore, we cannot interpret the
three-dimensional acoustic field as emanating from an
equivalent complicated source concentrated at the origin (the
essential assumption in the stationary-phase approximation)

and thus we cannot calculate it by the present method. The
following analysis is limited to the subsonic trace-speed case,
which describes most interactions observed in single-rotor
helicopters.

Implicit in the work here up to Eqs. (25) was the assump-
tion that the frequency co (and so also kx) has a positive value.
With the substitution of Eq. (26), Eqs. (25) indicate that P3.D

r \
y=L

XQ

Fig. 3 Spherical coordinate system fixed in the still fluid defining
observer position in three dimensions.
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Fig. 4 Pulses predicted by Eq. (31) normalized by /?ref = 0.0002 jibar
with M=0.8, A = 62 deg, L = 24, ra=1000, 7 = 180 deg, and for:
a) h = 0.5, <A = 65 deg; b) h = 0.5, <}> = 30 deg; c) h = 0.1, <A = 65 deg.
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is given essentially by the product of a complex constant

M2 *) '/2
•/ltanAU/7—r-r-1 (28)

and a function f(kx). Equation (6) therefore becomes
(*denotes complex conjugate):

P(ra,t)= 8ir2cosAbLr

/ / 4 Msin$six7/(tanA- ——— -
I \ 7+Msin0

\ 2

(29)

where the integrands contain w0( -A^/cosA), which
for the potential vortex in Fig. 1 may be readily calculated to
be

exp( f r i f c |/cosA) (30)
xCOsA/ ^TTCOsA !£„ I

With Eq. (30), the integrals in Eq. (29) may be evaluated to
obtain the acoustic pulse, in terms of retarded time (or source
time)r, at an arbitrary point in space,

Figures 4a and 4b show plots of Eq. (30) for h = 0.5 (vortex
l/4 chord below flight plane) with M=0.8, A = 62 deg (such
that Afeff = 0.91), at the two distinct spatial positions given by
0 = 65 and 30 deg, both with ra = 1000 and 7= 180 deg.

Referring to the coordinate system in Fig. 3, one would
expect: 1) greater frequency shifting (resulting in a sharper
signature) at </> = 65 deg than at 0 = 30 deg; 2) higher levels for
all the tones making up a louder signal at 0 = 65 deg, because
the forward enhancement effect is greater at the lower
elevation (for </> = 90 deg, however, the pressure is zero). The
pulses in Figs. 4a and 5b indicate that the model is able to
predict both effects. When compared to Fig. 4a, Fig. 4c
illustrates the acoustic consequence of reducing the vertical
blade-vortex separation in the model. The pulse is richer in
high-frequency components than for /z = 0.5 (it is somewhat
sharper), and the predicted peak pressure has an expectedly
higher value due physically to a greater time rate of change of
the vortex-induced blade loading.

It is interesting to note that the present noncompact theory
predicts an increase of only 3 dB when h is reduced five-fold
from 0.5 to 0.1; a similar change in h typically results in peak
pressure increments of 15 dB or more, when Mis low enough
to permit analysis by a compact model, e.g., Ref. 2. The
reason for the difference in sensitivity to blade-vortex
separation may be traced to differences in the calculated
spectra. The compact model in Ref. 2 predicts a spectrum (not
counting the w0 part) that increases indefinitely with
frequency. The noncompact theory developed here predicts
that the same part of the spectrum, i.e., not counting w0,
levels off to a constant value. We expect, therefore, that
extension of compact models to include very small h cases

P(ra,t) =
A(tanA- Msm^snvy V

\L tanA-
Msin</>sin7

c(
\

t ih
1 + Msin0cos7 cos A

cosiarglcf (U/b)r | ih
7+Msin0cos7 cos A

(U/b)r -LUanA-
Msin0sin7 \ -ih

(U/b)r
xlog

(U/b)r
I /+Msin0cos7

-arg ——————————————
y ( U / b ) r

cosA
_ih_
cosA

—LltanA — ih
cosA

)sinjarg[c( (U b)T ih \l^i
-—^——^—— +.——- )7+Msm0cos7 cosA/JJ

/+Msin<£cos7 cos A

where we have used the spherical coordinate system shown in
Fig. 3 to indicate the observer position; there xa/ra = sm4>
cosy, y/ra = sin^shvy, and z/ra = cos0.

The final result is real, as it should be since neither the free-
space wave equation governing p nor the original vortex-
induced up wash [Eq. (1)] have complex coefficients. To apply
it, we have chosen physical parameters corresponding ap-
proximately to those of the two-bladed, 3636 kg (8000 Ib)
Hughes model UH-1H helicopter. The constant blade
semichord is taken as equal to 0.305 m (1 ft); a non-
dimensional blade length L of 24 is used [for an actual rotor
diameter of 14.63 m (48 ft). The steady sectional loading on
each blade is assumed to have a maximum value
Lmax =p0C0MT at the tip and to decrease linearly from this to
zero at the hub; for M=Mtip = 0.8, T is about 14.77 mVs (159
ftVs). STP values of air density and sound speed are assumed
in the calculations, and the standard reference pressure of
0.0002 jubar is used for normalization.

(3D

results in predictions of peak pressures that are higher than
those obtained using the more relevant noncompact theory.

The predicted pulses contain the familiar features of blade-
slap signatures attributed to blade-vortex interaction: two
peaks are present, first one small in magnitude and positive,
and then a large negative one. Qualitatively, the pulses seem
to reproduce well blade-vortex noise waveforms measured by
other investigators, e.g., Boxwell et al.12 Unfortunately, lack
of precise experimental knowledge of interaction parameters,
such as h and A, makes a comparison of measured and
predicted amplitudes difficult.

Equations (25) show that the predicted amplitude-phase
relation for tones is a complicated function of position unless
kxL<l, a condition not expected to be met by high-energy
spectral components of the radiated pulse when h is
reasonably small and for which the model developed here is
not valid. A great deal of "hard-to-visualize" cancellation or
reinforcement occurs throughout, so that directivities of tone
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Fig. 5 Predicted three-dimensional directivity pattern of peak
acoustic pressures with M= 0.8, A = 62 deg, h = 0.5, L = 24.

amplitudes could be deceptive indicators of peak-pressure
values without knowledge of how the tones actually add up in
space. Since we have a closed-form solution for the pulse,
however, a calculation of peak pressures may now be carried
out at a number of spatial positions without too much ex-
pense.

With M=0.8, A = 62 deg, and /i = 0.5, Fig. 5 shows a plot
of some peak pressures at spatial positions within the solid
sector given by 25<0<85 and 150<7<210 deg, i.e., ±30
deg about 7=180 deg, the azimuth in line with the flight
direction. Large amplitudes should be expected in this region
due to forward beaming. We note that for 7 = 150 and 180 deg
substantial differences exist in predicted values of peak
pressure as 4> is increased from 25 to 85 deg, whereas for
7 = 210 deg only a small change is present. We attribute this
feature of the peak-pressure directivity pattern to spatial
differences in the amount of local cancellation or rein-
forcement of tones, which in turn have the complicated phase-
frequency relationship given by the integral term in Eq. (25).

Summary and Conclusions
The contributions of this paper are basically:
1) The closed-form evaluation of the theoretical two-

dimensional pressure field for a leading-edge flat-plate airfoil
passing subsonically through a gust.

2) A closed-form solution for the pulse radiated by a
leading-edge helicopter blade of length L passing subsonically
over a potential vortex. The interaction angle A must be large
enough for predicted load fronts to have an absolute trace
speed less than sonic. The model could be used to make
predictions of noise from single-rotor helicopters for which
large interaction angles are commonly observed. For
supersonic trace speeds the model breaks down.

Although result 1 served mostly as a stepping stone to result
2 in the development, it is interesting in itself. A close analogy
has been known to exist between the problem of an airfoil
passing through a parallel gust (A = 0) for M>1 and the
classical Sommerfeld diffraction of an incident plane wave by
a semi-infinite flat plate. Both problems have a closed-form
solution at an arbitrary field point. Result 1 shows that a

closed-form solution exists for the airfoil problem not just for
M > 1, but also for M< 1.

Result 2 for the theoretically predicted pulse reproduces the
basic shape of measured signals due to helicopter blade-vortex
interaction. Experiments with precise control over h and A are
yet needed to determine just how well the theory developed
here predicts peak values of amplitude. If future work in-
dicates good agreement, then the simplicity of result 2 would
allow inexpensive predictions of three-dimensional direc-
tivities of peak acoustic pressures.

In applying result 2 for subsonic trace speeds, we expect the
radiation field of each tone making up the pulse to be due to
spanwise finite-length effects rather than to the presence of
the leading edge. This must be so since result 1 proved that the
two-dimensional acoustic field radiated by the leading edge
alone vanishes for sin A >M.

Although for the constructed three-dimensional loading
acoustic sources inboard should have reasonably correct
phase and magnitude, those farther outboard, particularly
near the tip, probably do not. In our aerodynamic model we
simply cut off the loading abruptly at the tip, where in reality
the relatively smooth ^lL—y behavior is known to occur; we
have therefore overestimated the strength of tip region
dipoles, and have neglected other complex three-dimensional
effects.
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